This paper develops an expected utility model of a multinational firm facing exchange rate risk exposure to a foreign currency cash flow. Currency derivative markets do not exist between the domestic and foreign currencies. There are, however, currency futures and options markets between the domestic currency and a third currency to which the firm has access. Since a triangular parity condition holds among these three currencies, the available, yet incomplete, currency futures and options markets still provide a useful avenue for the firm to indirectly hedge against its foreign exchange risk exposure. This paper offers analytical insights into the optimal cross-hedging strategies of the firm. In particular, the results show the optimality of using options in conjunction with futures in the case of currency mismatching, even though cash flows appear to be linear.
The rest of the paper is organized as follows. In the next section, we develop a static model of a multinational firm facing multiple currency risks and crosshedging opportunities. Section III derives the firm's optimal cross-hedge position when unbiased currency futures and options markets between the domestic currency and a third currency are present. Section IV extends the static model into a dynamic one and derives the firm's optimal dynamic cross-hedge positions. Section V performs an empirical exercise to show the merits of including currency futures and options for cross-hedging purposes. The final section concludes.
II. The Model
Consider a one-period, two-date (0 and 1) model of a multinational firm that has an operation domiciled in a foreign country. At date 1, the firm receives a net cash flow, X, from its foreign operation, where X is denominated in the foreign currency. While the firm knows with certainty the size of X at date 0, it does not know the then prevailing spot exchange rate at date 1, S, which is expressed in units of the domestic currency per unit of the foreign currency. 5 The firm as such encounters foreign exchange risk exposure of SX.
There are no currency derivative markets between the domestic and foreign currencies. The firm, however, has access to currency futures and options markets between the domestic currency and a third currency. Define S1 as the date 1 spot exchange rate of the domestic currency against the third currency. Likewise, define S2 as the date 1 spot exchange rate of the third currency against the foreign currency. Based on these two spot exchange rates, one can derive a date 1 crossrate of the domestic currency against the foreign currency as 31S2. It follows immediately from the law of one price that S = S1S2. Such a triangular parity condition is depicted in Figure 1 . where S1 is the expected value of S1, and 9 is a zero mean, finite variance random variable. Furthermore, we consider a linear projection of S2 on S1 to yield (2) 2 = 2+3(1 -S1)+ 2+/+ where S2 is the expected value of S2, 3 is a constant, o is a zero mean, finite variance random variable independent of 9, and the second equality follows from equation (1). If /3 is negative (positive), 1S and S2 are negatively (positively) correlated. These two random variables are independent only when / = 0. 6 If the firm is privately held, the owners' assets may be concentrated in the firm and thus risk-averse behavior prevails. If the firm is publicly listed, standard finance theory suggests that shareholders of the firm should be de facto risk neutral given their ability to diversify in well-functioning capital markets. Agency theory, however, recognizes that there is separation of ownership and control in modem corporations. Managers who run the firm are averse to the risk that a sequence of losses could lead to dismissal, and thus the decisions made by the firm may also reflect risk aversion (Stulz (1984) ).7 In either case, we assume that the firm's date 1 domestic currency income is mapped onto utility through a strictly increasing and concave function, U, indicating the presence of risk aversion. 8
To hedge against its foreign exchange risk exposure, the firm can trade infinitely divisible currency futures and options (calls and puts), which call for delivery of the domestic currency per unit of the third currency at date 1. Because payoffs of any combinations of futures, calls, and puts can be replicated by any two of these three financial instruments (Sercu and Uppal (1995)), one of them is redundant. It is therefore no loss of generality to restrict the firm to use currency futures and put options only. Furthermore, purely for the sake of simplicity, we consider only one strike price for the currency put options, which is set equal to S1. Let P be the premium on the currency put options, where P is compounded to date 1. The firm's date 1 income denominated in the domestic currency is given by
where F is the date 0 futures price, and H and Z are the numbers of the currency futures and put options sold (purchased if negative) at date 0, respectively. The firm is an expected utility maximizer and has to solve the following ex ante decision problem,
H,Z 6Intuitively, if the economy of the third country is strong (weak), we would expect that one unit of the third currency should exchange for more (less) units of the domestic and foreign currencies, ceteris paribus. In other words, S1 should go up (down) while S2 should go down (up) when the economy of the third country is strong (weak). It is thus reasonable to believe that / < 0 in general. See Table 1  for empirical evidence. 70ther rationales for corporate hedging include taxes (Smith and Stulz (1985) ), costs of financial distress (Smith and Stulz (1985) ), and capital market imperfections (Stulz (1990), Froot, Scharfstein, and Stein (1993)). In all these cases, a firm's profit function can always be modeled as a concave function. In this regard, our assumption of risk aversion can be viewed as an approximation of the firm's true objective function.
8See Tufano (1996) for evidence that managerial risk aversion is a relevant rationale for corporate risk management in the gold mining industry.
where E is the expectation operator with respect to the firm's subjective joint probability distribution function of S1 and $2, and ft is defined in equation (3).
Ill. Optimal Cross-Hedging
The first-order conditions for program (4) are given by A direct implication of Proposition 1 is that under quadratic utility functions and independent spot exchange rates currency options would be redundant for cross-hedging purposes. However, it is unduly restrictive to assume both conditions to hold. In other words, in a realistic cross-hedging environment, we would expect currency options to be an integral part of the optimal hedge positions of multinational firms.
B. Hedging Role of Options
Consider the following simple example. Suppose that =_ 0. Furthermore, assume that j takes on three possible values: -0 with probability p, 0 with probability 1 -2p, and 0 with probability p. Then, from equations (1) and (2) we have
Given the assumed three-point probability distribution function of 9, equation ( firm's hedge position. Currency options play a hedging role because there is a quadratic source of uncertainty arising from the triangular parity condition when the spot exchange rates, S1 and $2, are de facto dependent. As such, linear payoff currency futures contracts no longer dominate non-linear payoff currency options for hedging purposes. For multinational firms with quadratic utility functions, Proposition 2 justifies the use of straddles as an optimal option strategy in the context of cross-hedging.
We now relax the condition of quadratic utility functions. As convincingly argued by Kimball (1990) , (1993), prudence (i.e., U'" > 0) is a reasonable behavioral assumption for decision making under multiple sources of uncertainty. It measures the propensity to prepare and forearm oneself under uncertainty, visa-vis risk aversion, which is how much one dislikes uncertainty and would turn away from it if one could. As shown by Leland (1968) , Dreze and Modigliani (1972) , and Kimball (1990) , prudence is both necessary and sufficient to generate precautionary saving. Furthermore, prudence is implied by decreasing absolute risk aversion, which is instrumental in yielding many intuitively appealing comparative statics under uncertainty. Thus, it is of interest to see how the prudent firm would choose its optimal cross-hedge position, (H*, Z*), in the following proposition.
Proposition 3. Suppose that the prices of the currency futures and put options between the domestic and third currencies are perceived as jointly unbiased by the multinational firm. If the firm is prudent and if S1 is symmetrically distributed, the firm's optimal put option position, Z*, is that Z* < 0 when3 < 0 and Z* < 4/3X when 3 > 0.
To see the intuition of Proposition 3, we recast equation ( Given prudence (i.e., U"' > 0), the firm is more sensitive to low realizations of its date 1 domestic currency income than to high ones (see Kimball (1990) , (1993)). The firm as such has incentives to avoid the low realizations of its date 1 domestic currency income. Inspection of equation (17) reveals that the firm can achieve this goal by buying the currency put options, Z* < 0. Under the condition of independent spot exchange rates, the hedging role of currency options is driven entirely by the firm's non-linear marginal utility function. Due to this source of non-linearity when prudence prevails, non-linear payoff currency options have to be used to achieve better hedging performance. If both the conditions of quadratic utility functions and independent spot exchange rates are relaxed, two sources of non-linearity are present. When $1 and S2 are negatively correlated, each of these two sources of non-linearity calls for a long put option position, thereby making Z* < 0 optimal. When $1 and S2 are positively correlated, to reduce the variability of its date 1 domestic currency income, the firm has to write the currency put options. The hedging need due to prudence, however, induces the firm to buy the currency put options. As such, the optimal put option position is a priori ambiguous should S1 and S2 be positively correlated.
IV. Optimal Dynamic Cross-Hedging
In the previous section, we have focused exclusively on cross-hedging problems in a static setting. However, almost invariably, hedging problems faced by multinational firms are dynamic in nature. Typically, a stream of revenues or income flows needs to be hedged over a period of time with the flexibility that any hedge positions can be rebalanced from period to period. It is thus of practical importance to extend our analysis to solve a dynamic cross-hedging problem.
Consider a T-period extension of the static model developed in Section II. There is a stream of cash flows, {X1,... ,XT}, where Xt is the net cash flow received by the firm from its foreign operation at the end of period t (t = 1, ..., T). The spot exchange rate of the domestic currency against the foreign currency at the end of period t is denoted by S,. Let S1,t be the spot exchange rate of the domestic currency against the third currency at the end of period t. Likewise, let S2,t be the spot exchange rate of the third currency against the foreign currency at the end of period t. The law of one price implies that St = Sl,tS2,t for all t = 1, . , To solve the firm's dynamic decision problem, program (21), we use backward induction. Specifically, in the final period, the firm's maximum expected utility of its terminal wealth given its information set in period T, f2T, is denoted by To yield an analytical solution to the dynamic cross-hedging problem as specified in equations (22) Given that the firm has a quadratic utility function, its optimal cross-hedge position, (H1_, ZT_1), minimizes the variability of its terminal wealth. Since the last three terms of the above expression are independent of 6T-l, they are not hedgeable by trading currency futures and options in period T -1. Thus, the firm's cross-hedging decision problem reduces to a static one by replacing XT-1 with XT-1 + XT. Similar logic applies to other periods, rendering a close analogy between the dynamic and static solutions.
Two remarks are in order. First, as evident from equations (25) and (26), the optimal dynamic cross-hedge position in period t is computed from the joint probability distribution function of S1,t and S2,t. In other words, even in the case where X1 = ... = XT-1 = 0 and XT = X, the optimal dynamic cross-hedge position would be time varying as long as the time series of S1 and S2 are non-stationary. Second, inspection of equations (25) The empirical exercise is as follows. We refer to Japan as the home country, Taiwan as the foreign country, and the U.S. as the third country. The foreign currency cash flow, X, is arbitrarily set equal to 100 Taiwan dollars. The data on daily spot exchange rates are supplied by Datastream. Daily spot exchange rates for the Japanese yen (S1) and the Taiwan dollar (1/$2), both against the U.S. dollar, are taken over the period beginning on January 1, 1997, and ending on April 10, 2001. Based on equation (2), we regress, each year, the de-meaned U.S. dollar/Taiwan dollar series on the de-meaned Japanese yen/U.S. dollar series to obtain five estimates of / over the sample period. All regression estimates of 3 are negative and significantly different from zero at the 1% level. In each year, we substitute the sample means of the two exchange rates and the regression estimate of / into equations (27) and (28) to compute the firm's optimal cross-hedge positions, (H*, Z*) and Ho, respectively. These results are reported in Table 1 .
To compare the performances of using currency futures and options for crosshedging purposes, we need to estimate the variances of the firm's date 1 domestic currency income,
Var {S1S2X + (F-S1)H + [P-max (S -S,0)] Z ,
15The optimal futures position is easily derived by using the proof of Proposition 2 with Z -0. Table 1 Table 1 . These results are reported in Table 2 . Table 2 As Table 2 shows, using currency futures and options for cross-hedging purposes on average results in variance reductions of about 56% compared to the no hedging strategy and about 2% compared to using currency futures as the sole hedging instrument. Indeed, it is evident from Table 2 that currency options always offer firms an improved ability to manage their foreign exchange risk exposure compared to using currency futures only. The improvements in hedge effectiveness can be substantial (more than 5%).
VI. Conclusions
In the post-Bretton Woods era, exchange rates have been increasingly volatile, making foreign exchange risk management a fact of financial life. This paper studies how a risk-averse multinational firm, confronting a foreign currency cash flow but possessing no direct hedging opportunities, can employ derivative securities on related currencies to reduce its foreign exchange risk exposure. Currency options play no role as a hedging instrument only under restrictive conditions of quadratic utility functions and independent spot exchange rates. If either the spot exchange rates are correlated or the firm is prudent in the sense of Kimball (1990) , ( (14) in Proposition 2. Since U is quadratic and 0 is symmetrically distributed, using a similar procedure as above, we can write equation (9) where HH is defined in equation (A-12). In period T -1, it follows from the martingale assumption that 9 T-1 is as informative as (S1,T-2, S2,T-2). Using equation (A-13), the firm's decision problem as described on the right-hand side of equation (23) (A-15) . Now, suppose that equations (25) and (26) describe the firm's optimal crosshedge positions from period t + 1 to period T. In period t, the martingale assumption implies that R? is as informative as (Si,t-1,S2,t-1). The sum of the firm's
Note first that E(T-_1) =E(T) = E(T-1) = E(,T) =0, PT-i= E[max(-6T
-
